Introduction
All Siegel modular forms of degree n and weight k < n 2 are singular. Similarly, every orthogonal modular form associated to a quadratic module of signature (2, n + 1) and of weight k < n 2 is singular. The weights in the given ranges are called singular weights, a terminology, which was introduced by Resnikoff. Spaces of modular forms of singular weight are well-understood (cf. [Fr 91 ] and the literature cited therein for singular Siegel modular forms, and [Re 75] for singular orthogonal modular forms). For critical weights much less is known. Here, by critical weight, we understand the weight n 2 in the theory of Siegel modular forms of degree n and in the theory of orthogonal modular forms of signature (2, n + 1) respectively. [We 92] gives some results for Siegel modular forms of degree 2 and critical weight 1. More recently, it was shown in [I-S 06] that there are no cusp forms of degree 2 and weight 1 (with trivial character) on the subgroups Γ 0 (l) of Sp(2, Z).
In a joint project Ibukiyama and the author [I-S 07] take up a more systematic study of Siegel and orthogonal modular forms of singular weight, a first result being [I-S 06] . One of the main tools used in this project is the Fourier-Jacobi expansion of the modular forms in question, more precisely, the Fourier-Jacobi expansion with respect to Jacobi forms of degree 1. For modular forms of critical weight the Fourier-Jacobi coefficients will then be Jacobi forms whose index is a symmetric positive definite matrix of size n and whose weight equals n+1 2
. We shall call this weight critical for Jacobi forms of degree 1 whose matrix index is of size n.
Jacobi forms of critical weight play also a role in recent work of Gritsenko, Sankaran and Hulek on the the geometry of moduli spaces of K3-surfaces. The explicit construction of Jacobi forms of small weight is an essential tool in their studies. In particular, they use Jacobi forms with scalar index of weight 1 (hence of critical weight) and with a nice product expansion to construct those Jacobi forms which they need. These Jacobi forms of weight 1 with product expansion are special instances of socalled thetablocks (cf. the discussion before Theorem 11 in section 5 for a more precise statement). It is an interesting question whether all Jacobi forms of small weight (and of scalar index) can be obtained by thetablocks as it is suggested by numerical experiments. For Jacobi forms of weight 1/2 this question can be answered affirmatively using the description of these forms given in Corollary to Theorem 5 below (cf. [GSZ 07] for details). For Jacobi forms of weight 1 (and of scalar index) we are similarly lead to the problem of finding a sufficiently explicit description of these forms. Such a description will drop out as part of the considerations of this article. In fact, we shall show that all Jacobi forms of weight 1 with character ε 8 (see section 2) are linear combinations of thetablocks. A more systematic theory of thetablocks will be developed in a joint article of V. Gritsenko, D. Zagier and the author [GSZ 07] . In view of the aformentioned applications it seems to be worthwhile to develop a systematic theory of Jacobi forms of critical weight. These Jacobi forms can be studied as vector valued elliptic modular forms of (critical) weight 1 2
. The first main tool for setting up such a theory is an explicit description of this connection. The second main tool is then the fact that elliptic modular forms of weight 1 2 are theta series , and the third main tool is the decomposition of the space of modular forms of weight 1 2 with respect to the action of the metaplectic double cover of SL(2, Z) [Sko 85]. The latter makes it possible to describe spaces of vector valued elliptic modular forms of weight 1 2 in sufficiently explicit form. A deeper study of these explicit descriptions requires a deeper understanding of Weil representations of SL(2, Z) (or rather its metaplectic double cover) associated to finite quadratic modules. In fact, it turns out that spaces of Jacobi forms of critical weight are always naturally isomorphic to spaces of invariants of suitable Weil representations (cf. Theorem 8 and the subsequent remark).
The present article aims to pave the way for a theory of Jacobi forms of critical weight and, in particular, for the aforementioned projects [I-S 07] , [GSZ 07] and possible other applications. We propose a formal framework for such a theory, we give an account of what one can prove for Jacobi forms of critical weight within this framework, and we describe the necessary tools from the theory of Weil representations and the theory of modular forms of weight 1 2 which are needed. Some of the following results are new, others are older but are not easily available elsewhere or are even unpublished.
The plan of this article is as follows: In section 3 we discuss Weil representations of finite quadratic modules. All the considerations of this section are mainly motivated by the question for the invariants of a given Weil representation. In section 4 the relation between (vector valued) Jacobi forms and vector valued modular forms is made explicit. As an application we obtain (cf. Theorem 6) a dimension formula for spaces of Jacobi forms (of arbitrary matrix index). In section 5 we finally turn to Jacobi forms of critical weight. We shall see that Jacobi forms of critical weight are basically invariants of certain Weil representations associated to finite quadratic modules (cf. Theorem 8 and the subsequent remarks). We apply our theory to prove various vanishing results in Theorems 10, 11, Corollary to Theorem 13, and to prove in Theorem 12 that Jacobi forms of weight 1 and character ε 8 are obtained by theta blocks. In section 6 we append those proofs which have been omitted in the foregoing sections because of their more technical or computational nature. For the convenience of the reader we insert a section 2 which contains a glossary of the main notations.
Notation
We use [a, b; c, d] for the 2 × 2 matrix with first and second row equal to (a, b) and (c, d), respectively. If F is an n × n matrix and x a column vector of size n, we write F [x] for x t F x. We use e(X) for exp(2πiX), and e m (X) for exp(2πiX/m). For integers a and b, the notation a|b ∞ indicates that every prime divisor of a is also a divisor of b. For relatively prime a and b we use a b
for the usual generalized Jacobi-Legendre Symbol with the (additional) convention a 2 β = −1 if a ≡ ±3 mod 8 and β is odd and a 2 β = +1 if a ≡ ±1 mod 8 or β is even. We summarize (in roughly alphabetical order) the most important notations of this article: C(χ) For a character χ of the metaplectic cover M = Mp(2, Z), the M-module with underlying vector space C and with M-action (g, z) → χ(z)g.
ε The one dimensional character of M = Mp(2, Z) given by ε(A, w) = η(Aτ )/ w(τ )η(τ ) , where η is the Dedekind eta function.
Γ For a subgroup Γ of SL(2, Z) the inverse image of Γ in Mp(2, Z) under the natural projection onto the first factor. Γ ′ For a subgroup Γ of Mp(2, Z) its image under the natural projection onto the first factor.
Γ(4m) * The (normal) subgroup of Mp(2, Z) consisting of all pairs A, j(A, τ ) , where A is in the principal congruence subgroup Γ(4m) of matrices which are 1 modulo 4m, and where j(A, τ ) stands for the standard multiplier system from the theory of modular forms of half-integral weight, i.e. j(A, τ ) = θ(Aτ )/θ(τ ) where θ(τ ) = r∈Z exp(2πiτ r 2 ).
H The upper half plane of complex numbers.
For a subgroup Γ of SL(2, Z), the space of modular forms of weight k on Γ; if k ∈ Mp(2, Z) The metaplectic double cover of SL(2, Z), i.e. the group of all pairs (A, w), where A ∈ SL(2, Z) and w is a holomorphic function on H such that w(τ ) 2 = cτ +d, equipped with the composition law (A, w)·(B, v) = AB, w(Bτ )v(τ ) . ϑ F,x For a symmetric, half-integral positive definite matrix F of size n and a column vector x ∈ Z n ,
S
V * For a left G-module V , the right G-module with the dual of the complex vector space V as underlying space equipped with the G-action
V c For a left G-module V , the left G-module with the dual of the complex vector space V as underlying space equipped with the G-action
w A For a matrix A ∈ SL(2, Z), the function w A (τ ) = √ aτ + b, where the square root is chosen in the right half plane or on the nonnegative imaginary axes.
Weil Representations of Mp(2, Z)
In this section we recall those basic facts about Weil representations of M = Mp(2, Z) associated to finite quadratic modules which we shall need in the sequel. These representations have been studied by [Kl 46] By a finite quadratic module M we understand a finite abelian group M endowed with a quadratic form Q M : M → Q/Z. Thus, by definition, we have Q M (ax) = a 2 Q M (x) for all x in M and all integers a, and the application B M (x, y) :
All quadratic modules occurring in the sequel will be assumed to be non-degenerate if not otherwise stated. Recall that M is called non-degenerate if B M (x, y) = 0 for all y is only possible for x = 0.
Denote by C[M] the complex vector space of all formal linear combinations x λ(x) e x , where e x , for x ∈ M, is a symbol, where λ(x) is a complex number and where the sum is over all x in M. We define an action of (T, w T ) and (S, There is one obvious way to construct invariants. Namely, suppose that M contains an isotropic self-dual subgroup U, i.e a subgroup U such that Q M (x) = 0 for all x in U and such that the dual U * of U equals U (where, for a submodule U, the dual U * is, by definition, the submodule of all y in M satisfying B M (x, y) = 0 for all x in U). Then the element I U := x∈U e x is invariant under SL(2, Z) (as follows immediately from the defining equations for the action of S and T and the fact that these matrices generate SL(2, Z)). Note that here |M| must be a perfect square (since, for a subgroups U of M one always has an isomorphism of abelian groups M/U ∼ = U * ). Also, it is not hard to check that here σ(M) = 1.
There is one important case where this construction exhausts all invariants. We cite some of the results of [Sko 07] which will clarify this a bit and which will supplement the considerations in section 5. For a prime p, let M(p) be the quadratic module with the p-part of the abelian group M as underlying space, equipped with the quadratic form inherited from M.
We set σ p (M) := σ M(p) . If F is half-integral and non-degenerate then
(For p-excess and oddity cf. p. 370] .) The proof will be given in [Sko 07]; we use these formulas in this article only for the case where F is a scalar matrix, say F = (n). Here these formulas read
where q denotes the exact power of p dividing n. These identities follow directly from the well-known theory of Gauss sums.
Theorem 1. Let M be a quadratic module whose order is a perfect square and such that σ p (M) = 1 for all primes. Then Inv(M) is different from zero. Moreover, Inv(M) is generated by all I U = x∈U e x , where U runs through the isotropic self-dual subgroups of M.
The proof of this theorem is quite tedious. The theorem can be reduced to a special case of a more general theory concerning invariants of the CliffordWeil groups of certain form rings [N-S-R 07, Theorem 5.5.7]. A more direct proof tailored to the Weil representations considered here will be given in [Sko 07]. It is not hard to show that the assumptions of Theorem 1 are necessary for Inv(M) being generated by invariants of the form I U (in this article we do not make use of this). In general, if M does not satisfy the hypothesis of Theorem 1, there might still be invariants. However, there is one important case, where this is not the case.
Theorem 2. Let M be a quadratic module whose order is a power of the prime p.
The proof of this theorem will be given in 6. In general, as soon as
If M and N are quadratic modules, we denote by M ⊥ N the orthogonal sum of M and N, i.e. the quadratic module whose underlying abelian group is the direct sum of the abelian groups M and N and whose quadratic form is given by x ⊕ y → Q M (x) + Q N (y). It is obvious that every M is the orthogonal sum of its p-parts. From the product formula for quadratic forms p. 371 ] the sum of the numbers p-excess(2F ), taken over all odd p, minus the oddity of 2F plus the signature of 2F add up to 0 modulo 8. Hence we obtain 1 σ(D F ) = e 8 (−signature(2F )). A nice functorial (and almost obvious) property is that the M-modules
, taken over, say, all p dividing the exponent of M. If l denotes the level of M then, for each prime p, the level of M(p) equals the p-part l p of l, and then W (M), W M(2) and W M(p) , for odd p, factor through Γ(l) * , Γ(l 2 ) * and Γ(l p ), respectively (here we view M(p) as SL(2, Z)-module which is possible since σ M(p) 4 = 1 as is obvious from the definition of σ in terms of Gauss sums). Since M is isomorphic to the product of the groups M/Γ(l 2 ) * and SL(2, Z)/Γ(l p ) we deduce that in fact W (M), viewed as M/Γ(l) * -module, is naturally isomorphic to the outer tensor product of the M/Γ(l 2 ) * -module W M(2) and the SL(2, Z)/Γ(l p )-modules W M(p) . In particular, we have a natural isomorphism
The preceding Theorem thus implies Remark. If F is positive-definite, say, of size n, then σ(D F ) = e 8 (−n). Thus, if dim Fp D F ⊗ F p ≤ 2 for all primes p then, by the theorem, Inv(F ) = 0 unless det(D F ) is a perfect square and n is divisible by 8.
The meaning of the numbers σ p (M) becomes clearer if one introduces the Witt group of finite quadratic modules (see [Sch 84, Ch. 5, §1] , or [Sko 07] for a discussion more adapted to the current situation). This group generalizes the well-known Witt group of quadratic spaces, say, over the field F p , which can be viewed as special quadratic modules. We call two quadratic modules M and N Witt equivalent if they contain isotropic subgroups U and V , respectively, such that U * /U and V * /V are isomorphic as quadratic modules. Here, for an isotropic subgroup U of a quadratic module M, we use U * /U for the quadratic module with underlying group U * /U (as quotient of abelian groups) and quadratic form x + U → Q M (x) (note that Q M (x), for x ∈ U * does depend on x only modulo U). Note that a quadratic module M is Witt That Witt equivalent modules have the same order in Q * /Q * 2 and the same σ p -invariants is obvious (for proving equality of the sigma invariants, say, for modules of prime power order, split, for an isotropic submodule of M, the sum in the definition of σ(M) into a double sum over a complete set of representatives y for M/U and a sum over x in U). The converse statement is not needed in this article and for its proof we refer the reader to [Sko 07] or [Sch 84] .
The connection between Witt equivalence and Weil representations is given by the following functorial property of quadratic modules. If U is an isotropic subgroup of M then U * /U is again non-degenerate, and hence we can consider its associated Weil representation. The map e x+U → y∈x+U e y defines an M-equivariant embedding of W (U * /U) into W (M). Again, this is an immediate consequence of the defining equations for the action of (T, 1) and (S, w S ).
Jacobi Forms and Vector Valued Modular Forms
If Γ denotes a subgroup of SL(2, Z) we use J n (Γ) for the Jacobi group J n (Γ) = Γ ⋉ (Z n × Z n ). Thus, J n (Γ) consists of all pairs (A, (λ, µ)) with A ∈ Γ, and λ, µ ∈ Z n , equipped with the composition law
Here and in the following elements of Z n will be considered as column vectors. Moreover, we use (λ, µ)A for (λa + µc, λb
We identify Γ with the subgroup Γ ⋉ (0 × 0), and for λ, µ ∈ Z n we use [λ, µ] for the element (1, (λ, µ)) of J n (Γ). Then any element g ∈ J n (Γ) can be written uniquely as g = A[λ, µ] with suitable A ∈ Γ and λ, µ in Z n . Let F be a symmetric, half-integral n × n matrix. For every integer k, we have an action of the Jacobi group J n (Γ) on functions φ defined on H × C n which is given by the formulas:
where A = [a, b; c, d] ∈ Γ and λ, µ ∈ Z n . For the following its is convenient to admit also half-integral k. To this end we consider the group J n (Γ) = Γ ⋉ (Z n × Z n ) for subgroups Γ of M, which is defined as in the case of a subgroup of SL(2, Z) with respect to the action ((A, w), x) → xA of M on Z 2 . For half-integral k, we then define φ| k,F (A, w) as in the formulas above but with the factor (cτ
. In this way the symbol | k,F defines a right action of J n (Γ) on functions defined on H × C. If k is integral this action factors through the action of J n (Γ ′ ) defined above, where Γ ′ denotes the projection of Γ onto its first coordinates..
Definition. Let F be a symmetric, half-integral positive definite n × n matrix, let k be a half-integral integer and, for a subgroup Γ of finite index in M, let V be a complex finite dimensional Γ-module. A Jacobi form of weight k and index F with typus (Γ, V ) is a holomorphic function φ : H × C n → V such that the following two conditions hold true:
(i) For all J n (Γ) and all τ ∈ H, z ∈ C n , one has (φ| k,F g) (τ, z) = g (φ(τ, z)), where we view V as a J n (Γ)-module by letting act Z n × Z n trivially on V .
(ii) For all α ∈ M the function φ| k,F α possesses a Fourier expansion of the form
c(l, r) q l e(z t r).
We shall use J k,F (Γ, V ) for the complex vector space of Jacobi forms of weight k and index F of typus (Γ, V ) 2 . If, for a Jacobi form φ, in condition (i) of the definition, for all α, the stronger inequality 4l − F −1 [r] > 0 holds true then we call φ a cusp form. The subspace of cusp forms in J k,F (Γ, V ) will be denoted by
2 It is sometimes useful to consider more general types of Jacobi forms. In particular, the definition does not include the case of Jacobi forms of half-integral scalar index, the basic example for such type being ϑ(τ, z) (cf. section 2). However, ϑ(τ, 2z) defines an element of J 1 2 ,2 (M, C(ε 3 )) and thus our omission merely amounts to ignoring a certain additional invariance with respect to the bigger lattice
If V is a Γ-module for a subgroup Γ of SL(2, Z), then we may turn V into a Γ-module V by setting (A, w)v := Av, and we simply write J k,F (Γ, V ) for the space J k,F ( Γ, V ). Note that in this case J k,F (Γ, V ) = 0 unless k is integral (since then the element (1, −1) of Γ acts trivially on V and it acts as multiplication by (−1) 2k on J k,F (Γ, V ) by the very definition of the operator | k,F ). Thus, if V is a Γ-module for a subgroup Γ of SL(2, Z), we may confine our considerations to integral k and then the first condition in the definition of J k,F (Γ, V ) is equivalent to the statement that φ| k,F A(τ, z) = A φ(τ, z) for all A ∈ Γ. Similarly, if V is an irreducible Γ-module for a subgroup Γ of M then, for integral k, we have J k,F (Γ, V ) = 0 unless the action of Γ on V factors through an action of Γ ′ (since, if the action of Γ does not factor then Γ contains (1, −1), which must act nontrivially on V , and, since V is irreducible, the central element (1, −1) acts then as multiplication by −1). Finally, we may in principle always confine to irreducible V . Indeed, if V = V j is the decomposition of the Γ-module V into irreducible parts,
denotes the trivial Γ-module for a subgroup Γ of SL(2, Z) or M we simply write J k,F (Γ) for J k,F Γ, C(1) , and we write J k,F for J k,F (Γ) if Γ is the full modular group. Note that for a positive integer m and integral k, the space J k,m (Γ) coincides with the usual space of Jacobi forms of weight k and index m on Γ as defined in [E-Z 85] .
It is an almost trivial but useful observation that, in the theory of vector valued Jacobi or modular forms, one can always restrict to forms on the full group M. In fact, one has Lemma 1. Let Γ be a subgroup of M and let V be a Γ-module. Then there is a natural isomorphism
It is easily verified that the summands do not depend on the choice of the representatives g and that this map defines an isomorphism as claimed in the theorem.
Jacobi forms may be viewed as vector valued elliptic modular forms. For stating this more precisely we denote by M k the space of holomorphic functions h on H such that h is a modular form of weight k on some subgroup Γ of M (where we assume that Γ is contained in Γ 0 (4) if k is not integral). Note that M k is a M-module with respect to the action | k . By M cusp k we denote the submodule of cusp forms. Using the M-module W (F ) introduced in section 3 we then have Theorem 5. For a subgroup Γ of M, let V be a finite dimensional Γ-module. Assume that the image of Γ under the associated representation is finite. Then, for any half-integral k and any half-integral F there is a natural isomorphism
Proof. Using the isomorphism of the preceding lemma we can assume that V is a M-module. Denote by J k,F the space of all functions φ, where φ is in J k,F (Γ) for some subgroup Γ. The space J k,F is clearly a M-module under the action | k,F . The bilinear map (φ, v) → φ · v induces an isomorphism
For verifying the surjectivity of this map we need that some subgroup Γ of finite index in M acts trivially on V (or equivalently that the image of M under the representation afforded by the M-module V is finite). Namely, if we write a φ ∈ J k,F (Γ, V ) with respect to some basis e j of V as φ = j φ j ·e j , then, by our assumption, the φ j are scalar valued Jacobi forms on J k,F Γ .
Assume now that ψ is an element of J k,F Γ). Then it is well-know (and follows easily from the invariance of ψ under Z n × Z n ) that we can expand ψ in the form
with functions h x which are holomorphic in H, and where the ϑ F,x denote the theta series defined in section 2. The space of functions Θ(F ) spanned by the ϑ F,x is a M-(right)module with respect to the action | n 2 ,F and is acted on trivially by Γ(4N) * for some integer N (see e.g. [Kl 46]). Accordingly, the h x are then invariant under Γ(4N) * ∩ Γ under the action | k− n 2 (one needs here also the linear independence of the ϑ F,x (τ, z), where x runs through a set of representatives for Z n /2F Z n ). In fact, one easily deduces from the regularity condition for Jacobi forms at the cusps (i.e. from condition (ii) of the definition) that the h x are elements of M k− n 2 . Thus, the bilinear map (h, θ) → h · θ induces an isomorphism of M-right modules
Finally we note that Θ(F ) is isomorphic as
M-module to W (F ) * via the map W (F ) * ∋ λ → e∈D F λ(e) ϑ F,e (cf.
[Kl 46]). From this the theorem is now immediate.
Remark. A review of the foregoing proof shows that in the statement of the theorem we may replace
, the subspace of all h in M k− n 2 which are modular forms on some congrence subgroup of M, provided Γ(4N) * , for some N, acts trivially on V . This remark will become important in the next section.
We use the isomorphism of Theorem 5 to define the subspace J Eis.
k,F (Γ, V ) of Jacobi-Eisenstein series as the preimage of the subspace which is obtained by replacing M k− we have M k = C, and hence the theorem implies
Corollary. There exists a natural isomorphism
The corollary reduces the study of J n 2 ,F (Γ, V ) to the problem of describing the decomposition of W (F ) and Ind M Γ V into irreducible parts. For k ≥ n 2 + 2, the last theorem makes it possible to derive an explicit formula for the dimension of the space of Jacobi forms of weight k. In fact, the isomorphism of the theorem can be rewritten as
But here (using the obvious map h ⊗ v → h · v) the right hand side can be identified with the space M k− n 2 (ρ) of holomorphic maps h : H → W (F ) ⊗ Ind V which satisfy the transformation law h(Aτ )w(t) −2k = ρ(α) (h(τ )) for all (A, w) in M, where ρ denotes the representation afforded by the M-module W (F )⊗Ind V , and which satisfy the usual regularity conditions at the cusps. The dimensions of the spaces M k (ρ) have been computed in [Sko 85, p. 100] (see also [Eh-S 95, Sec. 4.3]) using the Eichler-Selberg trace formula. In our context these formulas read as follows:
Theorem 6. Let F be a half-integral positive definite n × n matrix, let k ∈ 1 2 Z, and, for a subgroup Γ of M, let V be a Γ-module such that the associated representation of Γ has finite image in GL(V ). Then one has
Here Note that the traces on the space X(i n−2k ) occurring on the right hand side of the dimension formula can be easily computed from the explicit formulas for the action of (S, w S ) and (T, w T ) on W (F ) ⊗ Ind V . Note also that the second term occurring on the left hand side vanishes for k ≥ (Γ, V ), which can be investigated by the methods of the next section. However, we shall not pursue this any further in this article. Finally, the case of critical weight k = n+1 2 will be considered by different methods in the next section.
To end this section we remark that Theorem 5 remains true if we replace on both sides of the isomorphism the space of Jacobi forms and modular forms by the respective subspaces of cusp forms (as can be easily read off from the proof of the theorem). Moreover, Theorem 6, which gives an explicit formula for dim J k,F (Γ, V )−dim J 
Jacobi Forms of Critical Weight
In this section we study the spaces J n+1 2 ,F (Γ, V ), where n denotes the size of F . We are mainly interested in the cases J n+1 2 ,F and J 1,N (ε a ). Here ε denotes the character of M = Mp(2, Z) given by ε(A, w) = η(Aτ )/ w(τ )η(τ ) , where η(τ ) is the Dedekind eta-function. It is a well-known fact that ε generates the group of one dimensional characters of M. At the end of this section we add a remark concerning the case where Γ = Γ 0 (l) and where V is the trivial Γ-module C(1); a more thorough discussion of this case with complete proofs will be given in [I-S 07]. We assume that Γ is a congruence subgroup. By Theorem 5 and the subsequent remark we need first of all a description of the Γ-module M If we insert this into the isomorphism of Theorem 5, we obtain Theorem 7. For a congruence subgroup Γ of M, let V be a finite dimensional Γ-module, and let F be half-integral of size n and level f . Assume that, for some m, the group Γ(4m) * acts trivial on V and that f divides 4m. Then there are natural isomorphisms
Here O(l) × 1 denotes the subgroup of O (l) ⊕ F of all elements of the form (x, y) → (α(x), y) (x ∈ D(l), y ∈ D(F ), α ∈ O(l)), and ǫ × 1 denotes the special element of O(l) × 1 given by (x, y) → (−x, y).
Thus the description of Jacobi forms of critical weight reduces to a problem in the theory of finite dimensional representations of M. Actually, the description of Jacobi forms of critical weight reduces to an even more specific problem, namely to the problem of determining the invariants of Weil representations associated to finite quadratic modules. To make this more precise we rewrite the first ismorphism of Theorem 7 as Theorem 8. Under the same assumptions as in Theorem 7 the applications
Here we used that, for any group G, any G-right module A and G-left module B, the spaces A ⊗ C[G] B and (A ′ ⊗ B) G are naturally isomorphic (where A ′ denotes the G-left module with underlying space A and action (g, a) → a · g −1 ), we used the isomorphism (of vector spaces) of W (G) c with W (−G) (cf. section 3), and we wrote out explicitly the isomorphism constructed in the proof of Theorem 5.
Remark. Next, consider a decomposition Ind
By the results in [N-W 76] every irreducible representation of M is equivalent to a subrepresentation of a Weil representation W (M) for a suitable finite quadratic module M 3 . Hence we may replace the W j by 3 Actually it is proven in [N-W 76] that, for prime powers m, every finite dimensional irreducible SL(2, Z/m)-module is contained in a Weil representation associated to some finite quadratic module. Since SL(2, Z/m), for arbitrary m, is the direct product of the groups SL(2, Z/p n ), where p n runs through the exact prime powers dividing m, and since the category of Weil representations W (M ) is closed under tensor products we can dispense with the assumption of m being a prime power. Hence every irreducible SL(2, Z)-module which is acted on trivially by some congruence subgroup is isomorphic to a submodule of some W (M ). Finally, if ρ is an irreducible representation of M which does not factor through a representation of SL(2, Z), i.e. which satisfies ρ(1, −1) = 1, but which factors through some congruence subgroup Γ(4N ) * then ρ/ε factors through a representation of SL(2, Z/4N ′ ) for some N ′ . Hence by the preceding argument, ρ/ε is afforded by a submodule of a Weil representation W (M ). But ε is afforded by a submodule in D(6) (cf. section 6), and hence ρ is afforded by a submodule of the Weil representation D(6) ⊗ W (M ).
submodules of Weil representations W (M j ), and at the end we find a natural injection
Here the precise image can also be characterized by the action of the groups O(−l) on D −l and O(M j ) on W (M j ) (and certain additional intertwiners of the M-action), so that the last isomorphism could be written in an even more explicit form. We shall not pursue this any further in this article.
We note a special case of Theorem 7. Namely, if V is the trivial M-module then the right hand side of, say, the first formula of Theorem 7 becomes the space of elements in W (l) ⊕ F * which are invariant under M and ǫ × 1.
Using again the natural isomorphism between the spaces W (l) ⊕ F c and
we thus obtain Theorem 9. For any half-integral F of size n and level dividing 4m there are natural isomorphisms
(Here O(−l) × 1 and ǫ × 1 are as explained in Theorem 7.)
Note that O(−l)×1 acts on Inv (−l)⊕(−F ) since the action of O(−l)×1 intertwines with the action of M on the space W (−l) ⊕ (−F ) . Note also that this Theorem is a trivial statement if n is even since then both sides of the claimed isomorphism are 0 for trivial reasons (consider the action of (−1, 1) ). If the size of F is odd then the level of F is divisible by 4, and hence we may choose 4m equal to the level of F .
If we take F equal to a number m, then W (−l)⊕(−m) does not contain nontrivial invariants (see the remark following Theorem 3.). The theorem thus implies J 1,N = 0, a result which was proved in [Sko 85, Satz 6.1]. More generally, Theorem 9 and the remark following Theorem 3 imply Theorem 10. Let F be half-integral of size n. If n ≡ 7 mod 8 and F has at most one nontrivial elementary divisor then J n+1
Note that we cannot dispense with the assumption n ≡ 7 mod 8. A counterexample can be easily constructed as follows. Let 2G denote a Gram matrix of the E 8 -lattice then
defines an element of J 4,G . If M is an integral 8 ×7-matrix then F := M t GM is half-integral positive definite of size 7 and it is easily checked that
defines a nonzero element of J 4,F , hence a Jacobi form of critical weight. Suitable choices of G and M yield an F with exactly one elementary divisor 4 , i.e. an F satisfying the second assumption of the theorem.
For doing explicit calculations it is worthwhile to write out explicitly the isomorphisms of Theorem 9. If v = x,y λ(x, y) e (x,y) is an element of Inv (−l) ⊕ (−F ) then
defines a Jacobi form in J n+1 2 ,F . It vanishes unless λ(x, y) is even in x, i.e. unless v is invariant under ǫ × 1, and it defines an Eisenstein series if λ(x, y) is invariant under O(−l) × 1.
We now turn to the case J 1,N (ǫ a ). Using the Jacobi forms
for positive natural numbers a and trying to build thetablocks, i.e. Jacobi forms which are products or quotients of these forms and powers of the Actually, we shall prove more. Namely, Theorem 12. For every positive integers N, the space J 1,N (ǫ 8 ) is spanned by the series
, and we use x(α) = α + α and y(α) = (α − α)/ √ −3. Moreover, ρ runs through all numbers in O with |ρ| 2 = N.
be a number in O with |ρ| 2 = N. By multiplying ρ by a suitable 6th root of unity (which will not change ϑ ρ ) we may assume that q ≥ |p| > 0. For q = |p| one has ϑ ρ = 0. For q > |p|, one can show by elementary transformations of the involved series [GSZ 07] that ϑ ρ has the factorization
Similar theorems can be produced for the spaces J 1,N (ε a ) for arbitrary even integers a modulo 24. Since the analysis of the invariants in the corresponding Weil representations becomes quite involved this will eventually be treated elsewhere.
Finally, we mention the case Γ = Γ 0 (l) acting trivially on V = C(1). On investigating the representation Ind V occurring on the right hand side of Theorem 7 it is possible to deduce the following [I-S 07] Theorem 13. Let F be a symmetric, half-integral and positive definite matrix of size n × n with odd n. Then, for every positive integer l, we have
Here l 1 is the first factor in the decomposition l = l 1 l 2 , where l 1 | det(2F ) ∞ and where l 2 is relatively prime to det(2F ).
For n = 1, i.e. for the case of ordinary Jacobi forms in one variable, the theorem was already stated and proved in [I-S 06] .
As immediate consequence we obtain
,F (Γ 0 (l)) = 0 for all l which are relatively prime to det(2F ).
This corollary might be meaningful for the study of Siegel modular forms of critical weight on subgroups Γ 9 (l). In [I-S 06] we used it to prove that there are no Siegel cusp forms of weigt one on Γ 0 (l), for any l.
Proofs
In this section we append the proofs of Theorems 2, 11 and 12.
We start with the description of the decomposition of Weil representations of rank 1 modules into irreducible parts. For an odd prime power q = p α ≥ 1 let L q be the quadratic module Z/q,
isotropic, for its dual one finds U * = p ⌊α/2⌋ L q and, for α ≥ 2, the quotient module U * /U is isomorphic (as quadratic module) to L q/p 2 . Hence W (L q/p 2 ) embeds naturally as M-submodule into W (L q ) (see the discussion at the end of section 3). Let W 1 (L q ) be the orthogonal complement of W (L q/p 2 ) (with respect to the M-invariant scalar product (−, −) given by (e x , e y ) = 1 if x = y and (e x , e y ) = 0 otherwise). Then W 1 (L q ) is invariant under M and under O(L q ). The latter group is generated by the involution α : x → −x. For ǫ = ±1, let W ǫ 1 (L q ) be the ǫ-eigenspace of α viewed as involution on W 1 (L q ). Since α intertwines with M these eigenspaces are M-submodules of W (L q ). By induction we thus obtain the decomposition
Finally, for an integer a which is relatively prime to q we let L q (a) be the quadratic module which has the same underlying abelian group as L q but has quadratic form Q Lq(a) (x) = aQ Lq (x). With W ǫ 1 L q (a) being defined similarly as before we obtain a corresponding decomposition of W L q (a) as for W (L q ).
Note that σ L q (a) = 1 if q is a square, and otherwise σ L q (a) = 
are isomorphic if and only if q = q ′ , ǫ = ǫ ′ and aa ′ is a square module p.
Proof. It is easy to see that the modules W ǫ 1 L q (a) are nonzero. Thus the given decomposition of W L q (a) contains σ 0 (q) non zero parts. Hence, for proving the irreducibility of these parts is suffices to show that the number of irreducible components of W L q (a) is exactly σ 0 (q). But the number of irreducible components equals the number of invariant elements
The latter space is spanned by the elements I U := x∈U e x , where U runs through the isotropic self-dual modules of L q (a) ⊥ −L q (a) (cf. Theorem 1).
Alternatively, for avoiding the use of Theorem 1, which we did not prove in this article, (but see [N-S-R 07, Theorem 5.
is isomorphic to the permutation representation of SL(2, Z) given by the right action of SL(2, Z) on the row vectors of length 2 with entries in Z/q (see e.g. [N-W 76, § 3]). The number of invariants equals thus the number of orbits of this action, which in turn are naturally parameterized by the divisors of q (all vectors (x, y) with gcd(x, y, q) = d, for fixed d|q constitute an orbit).
We already saw that Γ(q) acts trivially on W ǫ 1 L q (a) . That q is the smallest integer with this property follows from the fact that e(a/q) is an eigenvalue of T acting on W ǫ 1 L q (a) . The latter can directly be deduced from the definition of W ǫ 1 L q (a) (see also [Sko 85, p. 33] for details of this argument).
Finally
are isomorphic then, by comparing the levels of the SL(2, Z)-modules in question, we conclude q = q ′ . The eigenvalues of T on each of these spaces are of the form e q (ax 2 ) and e q (a ′ x 2 ), respectively, for suitable integers x, with at least one x relatively prime to q; whence aa ′ must be a square modulo q.
on L q (a) (where σ = σ L q (a) ) as follows from the explicit formula for the action of S.
Similarly, we can decompose the representations associated to the modules D 2 α or, more generally, to the modules D 2 α (a) := Z/2q, ax 2 /4q , where a is an odd number and q = 2 α ≥ 1. As before, W D q/4 (a) embeds naturally into W D q (a) and we define W Here χ f denotes that character of O(m) which maps g p to −1 if p|f and to +1 otherwise, where g p is the orthogonal map which corresponds to the residue class x in Z/2m (under the correspondence described in section 3) which satisfies x ≡ −1 mod 2p α and x ≡ +1 mod 2m/p α with p α being the exact power of p dividing m. Note that, for a fixed U, the vanishing condition can be restated as v being orthogonal to the image of the quadratic module U * /U under the embedding of W (U * /U) into W D m (a) and with respect to the scalar product as described above. Note also that U d := .
Here the superscript indicates the subspace of all elements in W (M 3N ) resp. W (M N/3 ) which are even in the first and odd in the third argument. By Theorem 1 the space Inv(M 3N ) is spanned by the special elements e U = m∈U e m , where U runs through the isotropic self-dual subgroups of M 3N . Accordingly, J 1,N (ε 8 ) is the spanned by the Jacobi forms ϑ U (τ, z) := (x,y,z)∈U ϑ 3N,x (τ, 0) ϑ N,y (τ, z) z 3 .
Here we used the application of Theorem 8 (and the identification L ).
